In this work we revisited some properties of Sylvester Hadamard matrices of order 2 k . Based only on the existence of a base from which any Sylvester Hadamard matrix can be constructed, we prove that their rows (columns) are closed under addition and that the numbers of sign interchanges along any row (column) give all integers 0, 1, . . . , 2 k − 1 in some order. These two properties can be used to check if an Hadamard matrix is equivalent to a Sylvester Hadamard matrix.
Introduction
Sylvester Hadamard matrices have applications in many areas of Statistics, Numerical Analysis, Coding Theory, and Cryptography. This is due to their form and the numerous properties that characterise them.
An Hadamard matrix H of order n is an n by n matrix of 1 ′ s and −1 ′ s with mutual orthogonal rows and columns. Usually H is supposed to be normalized ,i.e., it has its first row and column all 1's. Two Hadamard matrices H 1 and H 2 are called equivalent (or Hadamard equivalent, or H-equivalent) if one can be obtained from the other by a sequence of H-equivalent operations that are defined as the interchange of any pairs of rows and/or columns and the multiplication of any rows and/or columns by −1. For further information on Hadamard matrices and their applications, the reader can refer to [2] , [3] . Sylvester in 1867 had noted that if one took a ±1 matrix S, of order 2 p − 1, whose rows are mutually orthogonal then
was an orthogonal ±1 matrix of order 2 p . Matrices of this form are called Sylvester Hadamard.
Exploiting the existence of a base from which any Sylvester Hadamard matrix can be generated, some properties proven before in various ways can now be rediscovered in a straightforward approach using only this fact. In particular, it is proved that the rows or columns of a Sylvester Hadamard matrix are closed under addition in the binary convention. Using this fact, we also prove that they are the only matrices possessing full row and column sign spectrum, i.e., the numbers of sign interchanges along any row (column) gives all integers 0, 1, 2, . . . , 2 p − 1 in some order. The additively closed and the full row and column sign spectrum property can form a criterion of detection whether a Hadamard matrix of order 2 p belongs to the equivalence class of Sylvester Hadamard matrices.
Properties via the base existence
In many applications it is useful to consider matrices over GF (2) 
Lemma 1. The matrix Lp has rank p.
Proof. Among the rows of Lp, exist the vectors e t i , i = 1, 2, . . . , p which have 1 in the i-th coordinate and zeros elsewhere. These vectors represent the integers 2 k , k = 1, 2, . . . , p in the binary system using p digits.
Applying in Lp row operations and interchanges, the matrix will finally be row equivalent to
the canonical form of the matrix Lp and reveals that its rank is equal to p.
In [5] it was proved that any S 2 p possesses a base from which it can be constructed. The binary SylvesterHadamard matrixŜ 2 p can be also generated from the columns of the matrix Lp, all their element wise sums mod2 and a column of all 0's.
Remark 1. The columns of the matrix Lp form a set of p basis vectors forŜ 2 p . We will refer to Lp as the basis matrix ofŜ 2 p .
Since the binary Sylvester Hadamard matrixŜ 2 p is generated from the basis matrix Lp, it admits the following factorization, which in [1] is derived in a different inductive way.
Corollary 1. Factorization of the binary Sylvester Hadamard matrices
The binary Sylvester-Hadamard matrixŜ 2 p can always be factored aŝ
where Lp is its basis matrix. Thus rank(Ŝ 2 p ) = p.
Next we will study the element wise addition of columns and their full sign spectrum. These two properties uniquely characterize Sylvester Hadamard matrices and thus their existence provide a criterion for checking if a given Hadamard matrix is equivalent to a Sylvester Hadamard matrix.
The additively closed property
Next we study whether the rows or columns of a Sylvester Hadamard matrix remain closed under addition. In Statistics, the basis vectors represent the main effects of an experiment and if the columns are closed under addition this means that the columns represent all the interactions between the main effects. In Coding theory, if the columns are closed under addition, means that these columns represent the code words which are the linear combinations of the basis vectors. Proof. Let H be a normalized binary Hadamard matrix where their rows(columns) are closed under addition. Then its order n should be a power of two i.e. n = 2 p and its rows will be constructed as follows. Let e denote a row of 0's (of varying length, as convenient in what follows, but in each matrix of some fixed size) and let f be a row of 1's always of equal length. Without loss of generality (WLOG), the first row is of the form (e) of order 2 p . The subsequent p rows must be constructed according to the following scheme. The second row is orthogonal to the first one, and so (WLOG, i.e., permute the columns as needed) it has the form (ef), where e and f are each of order 2 p−1 . Every row orthogonal to the first two rows is orthogonal to half their sum and difference which are (ef). Thus the third row will be of the form (ef) but now e and f are each of order 2 p−2 . In a similar manner will be constructed the next 4th up to the p-th rows. The rows p + 1 up to 2 p can be completed by addition from the core of the rows 2 up to the p-th. Specifically, for p = 2, the 2 2 binary Hadamard matrix with additively closed rows will be constructed as follows. In the first half and in the second half of the third row there are an equal number of 0's and 1's, so it is of the form (efef). Now since the rows form a group, we infer another row, the sum of the second and the third, in the fourth position. Thus the four rows are as follows Thus any binary Hadamard matrix of order 2 p constructed as described above, has among its rows all possible binary p-vectors ordered naturally, and therefore up to H-equivalence contains as submatrix the basis matrix Lp. The closure of the rows of the matrix Lp under addition yields the rest 2 p − p − 1 rows. Thus all additively closed binary Hadamard matrices of order 2 p are derived after the application of H-equivalence operations on the matrix Lp and its row combinations and therefore belong to the same H-equivalence class. This H-equivalence class includes the Sylvester Hadamard matrices of order 2 p , as they are generated from the matrix Lp.
Remark 2. The H-equivalence operation of the negation of a row(column) by
In 1937 F. Yates introduced the construction of the best experimental matrix, which was named after him the Yates Hadamard matrix. In [4] it was proved that the Yates Hadamard matrix is equivalent to the Sylvester Hadamard matrix. Next, this equivalency is rediscovered in a much simpler way using only the additevely closed property.
Corollary 2. The Yates Hadamard matrices are equivalent to the Sylvester Hadamard matrices.
Proof. In their binary convention, the Yates Hadamard matrices following their construction, have elements 0, 1 and their columns are pairwise orthogonal and closed under addition. Thus, from Theorem 2, have to be equivalent to the binary Sylvester Hadamard matrices.
The full row (column) sign spectrum property

Definition 1. (Full sign spectrum of an Hadamard matrix)
Let H be a n × n Hadamard matrix. We define the row (column) sign spectrum of H to be the number of sign changes (or the changes of 0's to 1's in the binary convention)) appearing in its rows (columns). We say that the matrix H has full row (column) sign spectrum if its row (column) sign spectrum gives all integers {0, 1, . . . , n − 1} in some order.
The following lemma specifies the sign changes of the columns of the matrix Lp and of their element wise sums. We refine the formulae appearing in [4] concerning the number of sign changes in the element wise sums of the columns of the matrix Lp.
Lemma 2. (i) For every positive integer p ≥ 2, the columns of Lp have column sign spectrum equal to:
(ii) The element wise sums of the columns of Lp have sign spectrum equal to: The property of possessing full column or row sign spectrum characterizes only the Sylvester Hadamard matrices. In [4] this fact was proved using the Yates Hadamard matrices. We give here a direct proof using only the additively closed property of the Sylvester Hadamard matrices.
Theorem 2. Every normalized binary Hadamard matrix has full column or row sign spectrum if and only if it is H-equivalent to a binary Sylvester Hadamard matrix.
Proof. Let H be a given normalized binary Hadamard matrix. Since it has full column sign spectrum, following Corolarry 3, it contains up to H-equivalence the basis matrix Lp and all the element wise sums of its columns. Thus the normalized binary Hadamard matrix is closed under addition and therefore from Theorem 1 it is is H-equivalent to a binary Sylvester Hadamard matrix.
